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t. Chaoti
 systems and 
haoti
 signal syn
hronization have at-tra
ted a lot of attention lately. Most work on 
haoti
 systems is based onfew well-known 3rd-order models derived using analyti
al te
hniques. In ad-dition, 
haoti
 signal syn
hronization or the inability to a
hieve the same isproven using analyti
al 
on
epts su
h as Lyapunov 
onstants et
. that 
anbe understood by only those mathemati
ally gifted. Su
h methods also havelimitations su
h as the initial states of the 
oupled 
haoti
systems 
annot beaway too far et
. Most of these problems are asso
iated with the appli
ationof 
omplex analyti
al te
hniques to an area whi
h itself is too 
omplex, for
ingus to settle for spe
ial models, assumptions, et
. In this paper, we 
onsidertwo major problems, 1) Design of Chaoti
 Systems, and 2) Chaos syn
hroniza-tion, from an ele
tri
al 
ir
uits' perspe
tive, and show how an elegant solutionto these two problems 
an be a
hieved from a new approa
h that we 
all asthe building blo
k approa
h. This approa
h minimizes the need for 
omplexanalyti
al te
hniques (or moves the 
omplexity away from a ma
ro or globallevel to a mi
ro or lo
al level) in analyzing and or designing su
h systems, andmore importantly, gives us the ability to 
on
entrate more on what we 
ana
hieve from su
h 
omplex systems. We will also 
ast the problem of 
haoti
signal syn
hronization in the form of state estimation given partial state ob-servation (ex
ept that here we are dealing with a transmitter that is a 
omplexquasi-stable system) and hen
e the solution that we propose here applies tothe general problem of state estimation.Keywords. NLTV 
ir
uits and dynami
s, 
haos, 
haos syn
hroniza-tion,state estimation1 Introdu
tionIn this paper, we dis
uss 
haoti
 systems and 
haoti
 signal syn
hroniza-tion, areas that have attra
ted a lot of attention lately [1℄, from a new andinteresting perspe
tive. Instead of looking at 
haoti
 systems and syn
hro-nization from the 
lassi
al analyti
al approa
h (dynami
s to mathemati
altools for 
hara
terization /stability testing to simulation and implementa-tion), we look at su
h systems (and in fa
t, all nonlinear time-varying, NLTV,



2 P. A. Ramamoorthyor non-autonomous systems) from an implementation (as ele
tri
al 
ir
uits)perspe
tive. Thus, the thrust of our work is based on answers to a numberfundamental questions: 1) If we need to build 
omplex NLTV 
ir
uits, whatkind of ele
tri
al elements or building blo
ks we need and what are theirproperties? 2) What kind of elements we need to build 
haoti
 
ir
uits inparti
ular? 3) If the pro
ess of 
haoti
 signal syn
hronization is viewed from a
ir
uits' perspe
tive, what is the 
ir
uit realization of this problem? 4) Whenwe do state estimation from a partial state observation, 
an that pro
ess beexplained from a 
ir
uit perspe
tive? 5) More importantly, 
an we use su
helements, 
ir
uits formed (on a pie
e of paper) from su
h elements, and thedynami
s resulting from su
h 
ir
uits as templates for further design, some-thing similar to reverse engineering? The answers to these questions providean elegant framework to handle the design of many systems in the nonlinearand time-varying domain. In this paper, we apply it to 
haos system design,
haos syn
hronization, and the more general problem of state estimation.The new paradigm is shown in Fig. 1. As 
an be seen from the �gure, it is abottom-up approa
h for system design, where we start with the elements (ortheir de�nitions) and pro
eed to form 
ir
uits and the dynami
s in terms ofthe I/O mappings of the elements. Su
h generi
 equations with the appro-priate 
onditions are then used in real-world appli
ations. Note that earlierapproa
hes for 
haoti
 system design or syn
hronization are based on 
ou-ple of well known 3rd order models and rely on 
omplex analyti
al tools toshow their behavior or to show that lo
al or global syn
hronization 
an bea
hieved [2-4℄. This new approa
h makes the understanding of su
h 
omplexphenomena and the design of su
h 
omplex systems mu
h easier, and usingthis simple approa
h we 
an tea
h even undergraduate students the 
omplexarea of NL and TV systems as this author has been doing for a number ofyears. We re
ognize that the 
on
ept of passivity has long been used in areasu
h as I/O stability, positive real (PR) fun
tions, and dissipative sysytemsusing Lagrangian and Hamiltonian Systems. However, all these works arefrom a ma
ro perspe
tive where as here we work at a mi
ro or element levelthat provides us the 
exibility to tailor the 
ir
uit/the dynami
s to the appli-
ation of interest. Further, our method is similar to reverse engineering wherewe try to make a new sysytem by studying the produ
t from a 
ompetitor,ex
ept that we are not breaking any laws here. We learn from ele
tri
al 
ir-
uits (formed on a pie
e of paper) and use that knowledge to design systemsfor ele
tri
al and non-ele
tri
al appli
ations.
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Figure 1: A new paradigm for nonlinear (autonomous & non-autonomous)dynami
 systems design



4 P. A. Ramamoorthy2 Nonlinear & Time-varying Cir
uit ElementsIn this se
tion, we will brie
y dis
uss the models for various NLTV elementsfor building 
omplex NLTV 
ir
uits. The models will be arrived looking atphysi
al realizability. Let us �rst 
onsider the 
ase of a NLTV resistor, asimple stati
 devi
e. We 
an write two models, one as 
urrent 
ontrolled,and another as voltage 
ontrolled:v [t; �℄ = v [i [t℄ ; �℄ or i [t; �℄ = i [v [t℄ ; �℄ (1)The parameters � and � are used to lump the e�e
ts of the variousphysi
al phenomena that are assumed to 
hange as a fun
tion of time. We 
an
onstrain the above models by looking at possible realizations. For example,a separable passive LTV model 
an be obtained from a rheostat as:v [t; �℄ = R [�(t)℄ i(t) with 0 < Rmin � R(t) � Rmax (2)Where R[�℄ represents the time varying resistan
e and points to a re-sistor that is passive and 
onsumes minimum amount of power at any giventime. We 
an make it nonlinear by letting the 
urrent to voltage relationshipnonlinear as give by the seperable and non-seperable passive NLTV resistormodels: v [i(t); �℄ = R [�℄ i3(t) (3)v [i(t); �℄ = i(t)fi2(t) + 2i(t) sin(t) + 1g (4)From the examples, we 
an note that v [i(t) = 0; �℄ = 0 for all values of� and v[i(t); �℄ > 0 for i(t) > 0 and v[i(t); �℄ < 0 for i(t) < 0 for passiveresistors. The 
hara
teristi
s will be in the se
ond and fourth quadrants ofthe v(t) Vs i(t) plane for negative resistors and 
an be in any quadrant fornon-passive resistors. Also, note that the mappings 
an be many to one andhen
e we need to maintain the input and output variable designations. Thetype of resistors, 
urrent-
ontrolled or voltage-
ontrolled, that we use in a
ir
uit will depend on the rea
tive elements and the type of 
onne
tion. Wewill dis
uss this issue when we deal with rea
tive elements.A NLTV gyrator is a stati
 M-port (M � 2) element with the I/Orelationship (with M = 2):� v1 [t; �℄v2 [t; �℄ � = � 0 R12 [x; �℄�R12 [x; �℄ 0 � � i1(t)i2(t) � = R [x; �℄ � i1(t)i2(t) �(5)where R [x; �℄ is the resistive matrix of the gyrator and is a fun
tionof time as well as the state variables. Note that R [x; �℄ + Rt [x; �℄ = 0,whi
h makes the power 
owing into the gyrator zero all the time. That is,a NLTV gyrator is a lossless stati
 multi-port devi
e with a skew-symmetri
resistor matrix R [x; �℄. On
e again by proper 
hoi
e of the matrix elements,
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an arrive at spe
i�
 
lasses of LTV, NLTI, separable, and non-separablemodels. The elements of the resistor matrix 
ould be sele
ted based on theappli
ation and not allowed to be
ome unbounded or indeterminant for �nitevalues of the state.NLTV Capa
itors : We 
an visualize a NLTV 
apa
itor by 
onsideringthe realization of a 
apa
itor and letting some of the parameters su
h as thediele
tri
 
onstant " and or the distan
e between the plates d be a nonlinearfun
tion of the voltage and or vary as a fun
tion of time subje
t to some thephysi
al 
onstraints, 0 < "min � "(t) � "max and 0 < dmin � d(t) � dmax.For modeling purposes, we 
an lump the e�e
ts of the 
hange in these twoparameters into a single parameter �(t). We 
an have a voltage-
ontrolled
apa
itor, q
(t) = q
 [v
(t); �(t)℄, or a 
harge-
ontrolled 
apa
itor, v
(t) =v
 [q
(t); �(t)℄. At any given time instan
e, the NLTV 
apa
itor representsa NLTI 
apa
itor and hen
e has to have all the properties of a 
apa
itorsu
h as losslessness, energy storage and return (memory property). Hen
e
onsidering a 
harge 
ontrolled NLTV 
apa
itor, and assuming q
r = 0 as therelaxation point or the value at whi
h there is no energy left in the 
apa
itor,we get: E
 [q
 = 0; �℄ = 0 and E
 [q
 6= 0; �℄ > 0 for all �EL[q
℄ � E
[q
; �℄ � Eu[q
℄ (6)where EL[q
℄ and Eu[q
℄ are two positive de�nite fun
tions. Note thatthe se
ond 
ondition implies that the energy fun
tion of a NLTV 
apa
itor isa lo
ally positive de�nite and a de
res
ent fun
tion1. We arrive at the �rst
onstraint be
ause no 
harge implies no stored energy regardless of whatvalues "(t) and d(t) take. The se
ond 
onstraint follows from the de�nitionfor stored energy. The third equation simply states that the stored energy hasto be bounded by some fun
tions of the 
harge alone as the devi
e representsa 
apa
itor for any �xed value of � or time t. From the energy expression, we
an obtain an expression for the voltage as v
(t) = ÆE
 [q; �℄/Æq. Similar tothe 
ase of resistors, we 
an obtain LTV, NLTI, separable, and non-separablemodels. Some examples are:Linear time-varying 
apa
itor:E
 [q(t); �(t)℄ = f1 + sin2(t)g q2(t); v
(t) = 2f1 + sin2(t)g q(t) (7)Separable Nonlinear TV 
apa
itor:E
 [q(t); �(t)℄ = f1 + sin2(t)g q4(t); v
(t) = 4f1 + sin2(t)g q3(t) (8)Non-separable NLTV 
apa
itor with equilibrium points at q
r = �1 :E
 [q; �℄ = �q2 � 1�2 �q2 � 2q sin(t) + 1	 = �q2 � 1�2 hfq � sin(t)g2 + 
os2(t)i(9)1 We 
an also let E
[q
; �(t)℄ ! 1 as jqj ! 1 as is the 
ase in LTI 
apa
itors sothat we 
an talk of the properties in a global sense.
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 = 4q �q2 � 1� hfq � sin(t)g2 + 
os2i + 2 �q2 � 1�2 fq � sin(t)g (10)In the last example, the 
apa
itor voltage be
omes zero for three valuesof q (�1 and zero). Of these three values, the two values �1 are the relax-ation points (zero stored energy) and q = 0 
orresponds to a point of lo
almaxima for the stored energy. Finally, it should be pointed out that the ele-ment property i
(t) = _q(t), 
ir
uit inter
onne
tion laws (basi
ally KCL andKVL), and 
ir
uit solvability 
onsiderations di
tate that the q(t) V s v
(t)
hara
teristi
s be monotoni
 when v
(t) is the independent variable where asthe v
(t) V s q(t) 
hara
teristi
 
an be more general when q(t) is the inde-pendent variable. Therefore, we will assume that the NLTV 
apa
itors arealways 
harge-
ontrolled. In su
h a 
ase, q(t) is the independent or the statevariable, v
 [q(t); t℄ is a NLTV mapping of the state variable, and i
(t) = _q(t)is the 
urrent. Therefore, when a NLTV resistor is 
onne
ted in parallel witha resistor, we need to make sure that the resistor is voltage 
ontrolled toensure the solvability of the resulting dynami
s.A time-varying indu
tor, being the dual of a 
apa
itor, 
an be de�nedin a similar manner. We 
an also de�ne a NLTV ideal transformer similar toideal LTI transformers and nonlinear mutual indu
tors. Hen
e, we will omitthe details. See ref. [5℄ for details.3 NLTV Ele
tri
al Cir
uits, Dynami
s, andResulting ResponsesWe 
an form various 
ir
uits from the building blo
ks de�ned in the previousse
tion and obtain the general form of NLTV dynami
s from the 
ir
uits.It should be 
lear that the dynami
s will have nonlinear and time-varyingterms that represent the mappings of valid ele
tri
al elements. By varyingthe mappings within the allowed domain for ea
h of the elements, we 
anobtain all possible NLTV dynami
s belonging to a parti
ular family. Notethat the rea
tive elements still play the role of energy storage and return(lossless, memory devi
es), but the energy envelope will be more 
omplexthan just the bowel shaped energy 
urve of LTI memory elements. Further,they 
an have multiple relaxation or zero energy points and lo
al minimaand maxima points. The relaxation points and the points of lo
al minimaof the energy be
ome the equilibrium points of the dynami
s. The sum ofthe energy in all the rea
tive elements in the 
ir
uit is one good Lyapunov
andidate. This total energy fun
tion resulting from the use of only indu
torsand or 
apa
itors will be a separable fun
tion of the state variables. The useof mutual indu
tors will lead to non-separable energy fun
tions.The lossless, stati
 multi-port Elements su
h as gyrators and transform-ers, play the role of transferring power from some ports to the rest of theports, and hen
e help to shape the required response. The NLTV resistorsprovide the ne
essary me
hanism to 
onsume power (if that is what is needed
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s) or 
ould be used to 
onsume and or deliver powerdepending on the value of the independent variable. We will now look atsome general 
ir
uits made of spe
i�
 
ategory of elements and state theproperties of resulting dynami
s / their equilibrium points2.Type 1 Cir
uits: NLTV 
ir
uits made of NLTV rea
tive elements,stati
 multi-port lossless elements, and resistors that are globally passive(that is, the voltage to 
urrent 
hara
teristi
s 
on�ned to the �rst and thethird quadrants). Further, let the rea
tive elements have their relaxationpoints at the origin only and have monotoni
ally in
reasing energy storagefun
tions with the energy be
oming unbounded as the independent variablesbe
ome unbounded: ) The resulting dynami
s will have only one equilibriumpoint at the origin whi
h will be globally uniformly asymptoti
ally stable(UAS). A Lyapunov fun
tion for the dynami
s will be the sum of energystored in the various rea
tive elements. The derivative of the LF along thesystem traje
tory will be the negative of the sum of power 
onsumed by theresistors, whi
h will always be negative for globally passive resistors. Theshape of the resistor 
hara
teristi
s determine whether the equilibrium pointis exponentially stable or not, and if the dynami
s is totally stable (stabilityunder persistent disturban
es). Couple of simple examples will illustratethese points.Consider a 
ir
uit with a single LTI 
apa
itor of value 1 F, a NLTV volt-age 
ontrolled resistor given by iR [vR; t℄ = v3R(t) (1 + sin2(t)) and a 
urrentsour
e is(t) all 
onne
ted in parallel. Using KCL & KVL, and the elements'equations, we get 
ir
uit dynami
s as: _v
(t) = �v3R(t) (1+sin2(t)) + is(t). We
an note that this dynami
s has only one equilibrium point (with is(t) = 0)at the origin that is globally UAS. However, the equilibrium point is notexponentially stable as the power 
onsumption 
apability of the resistor be-
omes negligible (pR(t) = v4R(t) (1 + sin2(t)) = v4
 (t) (1 + sin2(t))) whenjv
(t)j < 1. Similarly, if we repla
e the resistor by one with a 
hara
teristi
iR [vR; t℄ = tanh [vR(t)℄ ; the resulting dynami
s will have the origin as theonly exponentially stable equilibrium point. However, we 
an note that thedynami
s will not be totally stable sin
e the power absorption 
apa
ity isredu
ed to pR(t) = jvR(t)j = jv
(t)j as jv
(t)j >> 1. These two simpleexamples demonstrate the power of looking at NLTV dynami
s not just froma mathemati
al perspe
tive but as one from a 
ir
uit made of real elementsand what their 
apabilities are.Type 2 Cir
uits: NLTV 
ir
uits made of NLTV rea
tive elementswith multiple relaxation points and or multiple lo
al minimal energy points,stati
 multi-port lossless elements, and resistors that are globally passive:2 Given the 
omplexity of NLTV elements and the 
ir
uits that 
an be made, it shouldbe noted that the properties stated here are valid from a pra
ti
al or 
onservative designperspe
tive. However, we 
an also arrive at dynami
s, whi
h have the same properties butthat point to a di�erent 
ategory of 
ir
uits. As an example, we 
an 
ombine a numberof non-passive resistors to 
ome up with the 
hara
teristi
s of a globally passive resistornetwork.



8 P. A. Ramamoorthy) The resulting dynami
s will have multiple equilibrium points, some ofwhi
h will be lo
ally UAS, and some will be unstable. Whether the stableequilibrium points are exponentially and or totally stable will depend on theresistor 
hara
teristi
s.Type 3 Cir
uits: NLTV 
ir
uits made of NLTV rea
tive elements withmultiple relaxation points and or multiple lo
al minimal energy points, stati
multi-port lossless elements, and resistors whose properties 
hange from pas-sive to non-passive or vi
e versa based on the input values ) The propertiesof the resulting dynami
s 
an be all over the map depending on when theresistors be
ome passive and non-passive. These types of 
ir
uits 
an be 
on-�gured properly to arrive at dynami
s that exhibit limit 
y
le and 
haoti
behavior, as we will see in the next se
tion.4 Chaoti
 Dynami
s, Chaos Syn
hronization,and State EstimationIn this se
tion, we will dis
uss how the 
ir
uit approa
h 
an be applied in asimple manner to arrive at various 
haoti
 dynami
s, 
haos syn
hronization,and the related problem of state estimation. Before we do that, we will �rstdis
uss the 
ir
uit equivalen
e of the Kalman-Yakubovi
 (K-Y) lemma usedfrequently to prove the stability or the la
k of it of a LTI system. K-Y lemmastates that given any positive de�nite matrixQ and a LTI system representedas _x = Ax, the solution for PA + AtP = �Q should lead to a matrixP that is positive de�nite for the system to be stable. Consider the generalar
hite
ture for NLTV 
ir
uits as shown in Fig.2 
onsisting of a n-port NLTV
oupled indu
tor 3 and a n-port stati
 passive network. For K-Y lemma, theywill be redu
ed to LTI elements. Denote by �; iL; vL respe
tively the 
ux,
urrent and voltage ve
tors, and L the mutual indu
tan
e matrix, a positivede�nite one, of the 
oupled indu
tor. Similarly, let ip; vp be the 
urrentand the voltage ve
tors and Zp the impedan
e matrix of the stati
, passivenetwork, where ZR = Zp + Ztp has to be positive de�nite. Then, fromthe elements and inter
onne
tions, we 
an write, _� = vL = L _iL = vp =Zp ip = �Zp iL leading to _iL = �L�1 Zp iL. Equating the state ve
tor x ofthe LTI system to the 
oupled indu
tor 
urrent ve
tor, we get A = �L�1 Zpor LA = �Zp. Considering the power going into the 
oupled indu
tor, weget: pL(t) = vtL iL = �vtp ip = �0:5(vtp ip + itp vp )= �0:5(itpZtp ip + itpZp ip ) = �0:5itp (Ztp + Zp )ip= �itp ZR ip = itp (LA + At L )ip3De�ning a NLTV 
oupled indu
tor with a TV, de
res
ent and positive de�nite energyfun
tion of the n state variables is a diÆ
ult task and is the subje
t of further resear
h.
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Figure 2: A general ar
hite
ture for NLTV 
ir
uits by 
onstraining the el-ements to NLTI we 
an show the Kalman-Yakubovi
 LTI system stabilitylemma.whi
h will be negative when ZR is positive de�nite. Then the solutionof LA + AT L = �ZR should lead to an L matrix that is PD for any givenPD matrix ZR, whi
h is same as the K-Y lemma4. Note that for 
ir
uitsynthesis 
orresponding to the LTI system _x = Ax, we �rst �x the stati
,passive network, and test if the rest of the 
ir
uit turns out to be lossless ornot. Turning our attention to dynami
s with 
haoti
 behavior, we noted inthe previous se
tion that 
ertain Type 3 
ir
uits 
ould lead to su
h dynami
s.That is, we need to have at least one negative resistor to make the origin andany other �nite valued equilibrium point unstable. Further, the 
ir
uit shouldbehave as a passive 
ir
uit for large magnitudes of the state ve
tor x so thatthe response remains bounded. We are all familiar with the Chen 
haoti
dynami
s given by:24 0:2 _x_y_z 35 = 24 �7 7 0�7 28 �x0 x �3 35 24 xyz 35 (11)whi
h has a 
ir
uit realization as shown in Fig. 3. In this 
ir
uit realiza-tion, we have three LTI rea
tive elements, a NL gyrator and three resistors,one of whi
h is negative. The negative resistor makes the origin an un-stable equilibrium point. However, this parti
ular 
ir
uit is not suitable to4 From this 
ir
uit des
ription, we 
an obtain a simple method for stability testing asfollows: Using LA = �Zp and assuming any non-symmetri
 matrix Zp, whose symmetri
part ZR is PD, solve for the matrix L (whi
h in general will not be symmetri
). Then we
an 
on
lude that the LTI system is stable i� (L + Lt) is PD.



10 P. A. Ramamoorthyshow why the other �nite valued equilibrium point xte = � xe ye ze � =� �3p7 �3p7 21 � is unstable or how the response remains bounded,and we need to �nd a di�erent NLTV 
ir
uit, taking us far into NLTV 
ir-
uit synthesis, a resear
h area still in its infan
y. Note that 
ir
uit synthesisis similar to �nding the proper Lyapunov fun
tion given the dynami
s, andour inability to �nd one LF doesn't ne
essarily means that the equilibriumis not stable. Hen
e, from a pra
ti
al design perspe
tive, it is advantageousfor us to form a Type 3 
ir
uit with the required properties to arrive at the
orre
t dynami
s. We 
an arrive at one su
h 
ir
uit shown in Fig. 4, throughsimple modi�
ations to the 
ir
uit shown in Fig. 3. First note that we haverepla
ed the negative resistor by a nonlinear resistor with a voltage to 
ur-rent mapping, iR[vR℄ = vR(d + e � v2R), with d < 0, e > 0 and jdj >> e,whi
h makes the resistor negative for small values of the voltage and passivefor very large values. Further, we have made the NL gyrator matrix as afun
tion of the state variable y(t) frather than x(t)g, and 
hanged the valueof the 
apa
itor 
onne
ted to the �rst port. The �rst 
hange implies thaty(t) will be transmitted in any 
ommuni
ation appli
ation and is made sothat global syn
hronization is possible. We will dis
uss this further when wedis
uss the syn
hronizing dynami
s. We obtained 
haoti
 response from this
ir
uit for values of e in the range10�5 to 10�2 with d sele
ted to pla
e theequilibrium at the same point as Chen 
haoti
 dynami
s.

Figure 3: A 
ir
uit realization of Chen 
haoti
 dynami
sAgain, using the 
ir
uit approa
h, a NLTV 
ir
uit 
an be obtained fromthe previous 
ir
uit by repla
ing all the LTI 
apa
itors with LTV 
apa
itorswith a voltage mapping of the form, v
 [q(t); t℄ = d0 q(t) (d1 + d2 � sin2(t))
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Figure 4: A new NLTI 
ir
uit with 
haoti
 response. The dynami
s 
an bemade NLTV by repla
ing all the LTI 
apa
itors by LTV or NLTV elements.)dynami
 systems designwith all 
onstants positive. The resulting dynami
s is given by:24 0:7 _xt_yt_zt 35 = 24 �7 7 0�7 d + e � y2t �yt0 yt �3 35 24 xt (d1 + d2 � sin2(t))yt (d1 + d2 � sin2(t))zt (d1 + d2 � sin2(t)) 35 (12)Again, values in the range one for both d1; d2 with the equilibrium pointsame as that of Chen 
haoti
 dynami
s lead to 
haoti
 response.Let us now 
onsider 
haoti
 signal syn
hronization using the 
haoti
model in (11) where yt is the signal being transmitted and available at the re-
eiver, and using whi
h we need to re
over all the three state variables. Hen
e,we 
an note that this task is the same as that of state estimation from partialstate information and hen
e the solution proposed here applies to that prob-lem as well. If xtt = � xt yt zt � ; xtr = � xr yr zr �respe
tively,are the transmitter and the re
eiver state ve
tors, global syn
hronization re-quires that the error ve
tor et = � ex ey ez � = xtt � xtr ! 0 as t !1 for initial values of the error ve
tor. To a
hieve this we need a re
eiverdynami
s _xtr = f tr [xr ; yt ; t℄, whi
h when 
ombined with the transmitterdynami
s would lead to an error dynami
s _et = f te [e ; t℄ = f te [xr ; yt ; t℄with the origin as globally UAS. From an ele
tri
al 
ir
uits' perspe
tive, thisin turn implies that the error dynami
s 
orresponds to that of a Type #1 
ir
uit de�ned above. Also, when the error dynami
s is written in termsof the transmitter and the re
eiver state variables, it has to have only thetransmitted state variable yt and not the entire transmitter state ve
tor. Fortransmitter dynami
s in the form L _xt = A[yt ; t℄ :xt where L is a PD ma-trix and A[yt ; t℄ is a NLTV matrix, this 
onstraint requires that the error
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s be of the form L _e = Â [xr ; yt ; t℄ : e where the 
olumns of theNLTV matrix Â [xr ; yt ; t℄ 
orresponding to the state variables not transmit-ted are same as the 
olumns in A[yt ; t℄. Thus we have only the 
olumn(s)
orresponding to the transmitted variable to make the origin as the globallyor lo
allyUAS equilibrium point of the error dynami
s. Look at the Chen
haoti
 dynami
s in equation (11). When xt is the transmitted variable, thevalue 28 in the (2,2) position of the A matrix makes it impossible to �ndsu
h error dynami
s. For the new NLTV 
haoti
 dynami
s given in (12) afamily of error dynami
s with the required properties 
an be written withlittle experien
e with our 
ir
uit approa
h as:24 0:7 _ex_ey_ez 35 = 24 �7 7 0�7 0 �yt0 yt �3 35 24 ex (d1 + d2 � sin2(t))ey (d1 + d2 � sin2(t))ez (d1 + d2 � sin2(t)) 35�24 0iR [ey ; t℄0 35(13)where iR [ey ; t℄ 
orresponds to the voltage to 
urrent mapping of a NLTVpassive resistor. The 
ir
uit 
orresponding to this dynami
s will be similar toFig. 4 with only the resistor in port 2 di�erent. We 
an easily prove that thisdynami
s has the origin as the globally UAS equilibrium point by forminga LF as the sum of energy in the three NLTV 
apa
itors, and its derivativealong the system traje
tory as the negative of the sum of power 
onsumedby the three resistors whi
h are all passive and hen
e the derivative will benegative. We simulated the 
haoti
 system and the sy
hronizing system usingiR [ey; t℄ = ey+sign(ey)�hjeyj 12 + ey2i. The term ey2 dominates when jeyj islarge and jeyj 12 dominates when jeyj is very small. Syn
hronization happensin less than a se
ond even when the initial errors are very large. We omitthe simulation results to preserve spa
e. A Matlab 
ode is available for thosewho are interested.5 SummaryA new approa
h for designing 
haoti
 and their syn
hornizing systems isdis
ussed. The method is very simple and easy to follow on
e we learn tolook at NLTV systems as analogous 
ir
uits made of proper elements andnot just some NLTV di�erential equations. The approa
h is appli
able toa number of areas su
h as adaptive 
ontrol and adaptive systems, feedba
kneural networks and fuzzy systems with memory. Some initial results onvarious appli
ations 
an be found in ref.[5℄ available for download free.
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