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where H™ is the symmetric tensor product of H with itself m
times [8], and H° is just the real numbers. E(H) may be
regarded as a space of analytic nonlinear functionals on H by
associating with ¥ € E (H) the functional

¥lpl=(expe, ¥> ()
where!
d ~1/2
expp= 3 (m!)™ "o (M
m=0
and ¢™ is.the tensor product of ¢ with itself m times. The

- component of ¥ lying in H™ (denoted by ¥) is just (m!)!/2
times the mth degree Volterra kernel of (6).

Taking now H'= E(H), a nonlinear analytic map from H' to
H'’ may similarly be regarded as an element A of H'Q@ E(H") via
(@, A[¥])=(D®(exp ¥), A for all ® and ¥ in H'. Our network
kernels (2) and (3) are then (iNY2(mY)'- -, 1+ i
times the component A®Jv --vmof A lying in the

H'Q(H/'QyH2y -+ U Hom)
subspace of H'® E(H’), where [,
of distinct ordering of the set {j,,...
symmetric tensor product in E(H').

In practice, a Hilbert space is “too small” to include such
useful possible Volterra kernels as those describing the case
when N is Z. We need to replace the square-integrable kernels
just described by generalized functions (distributions). This is
possible if we replace H by a rigged Hilbert space [9) KC H C
K*, where K is a nuclear space and K* is the dual space of
generalized functions. It is straightforward to construct tensor
products of rigged Hilbert spaces, and Dwyer [10], [11] has
shown how the Fock space of a rigged Hilbert space (also a
rigged Hilbert space) may be constructed. If we represent the
map Z to N as an element of the space

E(K*)®E(E(K*)) ®)

we may choose our network kernels to be almost arbitrary
generalized functions. Dwyer’s work generalizes the special cases
examined by Kristensen er al. [12] which constructed E (K*) for
distributions on the real line, which work provided a rigorization
for taking ordinary Volterra kernels to be distributions.

It goes without saying that by introducing suitable direct sums
and tensor products of Hilbert or rigged Hilbert spaces, Volterra
series for systems and networks involving arbitrary numbers of
terminals, ports, inputs or outputs may be constructed by the
above formalism. Also, the “component” Z may be replaced by
any set of identical functional elements of a nonlinear system,

- J) indicates the number
Jm}» and U indicates the

The factor (m!)~'/2 replaces the expected factor (m!)~! in the expression
for exp¢ because of our use (following references [8], [12]) of the inner
product {¢",y™> =34,,{,¥>" in Fock space, rather than the more natural
inner product {¢",y "> =n!8,,{$,¥>". The Fock spaces E(H); and E (H),
equipped with.the { , >, and { , ), inner products, respectively, are naturally
isomorphic, with ¢™ in E(H), associated with (m!)~1/2¢™ in E (H),. Via this
isomorphism, we have in E(H), exp ¢=3(m!)~1¢" as expected. In E(H),
we have exp (¢p+y)=(exp ¢)\V/(exp ¥), where \/ is the symmetric tensor
product, and in either E(H), or E(H),, denoting the relevant inner product
by ( , ), we have {exp ¢,exp ) =exp {¢,>. These properties justify the use
of the expression exp¢ for the element given by (7) in E(H),. The use of the
space E (H), is generally simpler, and thus preferable, to £ (H),, but we have
used the latter since it would have been confusing to depart from the
convention used in our references [8], [12].
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each of which interacts with the system via two scalar functions
of time, one of which is made dependent on the other in a
time-invarient -manner by the functional element.

/
REFERENCES

[1] R. B. Parente, “Nonlinear differential equations and analytic system
theory,” S.1.A.M. J. Appl. Math., vol. 18, pp. 41-66, 1970.

[2] Y. H. Ku and A. A. Wolf, “Volterra-Wiener functionals for the analy-
sis of nonlinear systems,” J. Franklin Inst., vol. 281, pp. 9-26, 1966.

[3] G. Zames, “Functional analysis applied to nonlinear feedback sys-
tems,” IEEE Trans. Circuit Theory, vol. CT-10, pp. 392-404, 1963.

[4] “Nonlinear operators—cascading, inversion and feedback,”
Quarterly Progress Report, M.1.T. Research Laboratory of Electronics,
no. 53, pp. 93-108, Apr. 15, 1959.

[5] H. L. Van Trees, “Optimum compensation for nonlinear control sys-
tems I, I,” Quarterly Progress Report, M.1.T. Research Laboratory of
Electronics, no. 59, pp. 116-125, Oct. 15, 1960, and no. 60, pp. 150-156,
Jan. 15, 1961.

[6] R. McFee, “Determining the response of nonlinear systems to arbitrary
inputs,” Trans. AIEE, vol. 80 pt. I, pp. 189-193, 1961.

[7]1 8. Narayanan, “Application of Volterra series to intermodulation dis-
tortion analysis of transistor feedback amplifiers,” IEEE Trans. Circuit
Theory, vol. CT-17, pp. 518-527, 1970.

[81 D. Kastler, Introduction a UIElectrodynamique Quantique.
France: Dunod, 1961, pp. 13-76 and 270-296.

[9] I. M. Gel'fand and N. Ya. Vilenkin, Generalized Functions, vol. 4.

New York: Academic Press, 1964, ch. 1, pp. 1-134.

T.AW. Dwyer, “Partial differential equations in Fischer-Fock spaces

for the Hilbert-Schmidt holomorphy type,” Bull. Am. Math. Soc., vol.

77, pp. 725-730, 1971.

[11] T. A. W. Dwyer, “Holomorphic Fock representations and partial dif-

ferential equations on countably Hilbert spaces,” Bull, Am. Math. Soc .

vol. 79, pp. 1045-1050, 1973.

P. Kristensen, L. Megjlbo, and E. T. Poulsen, “Tempered distributions in

infinitely many dimensions, I. Canonical field operators,” Commun.

Marh. Phys., vol. 1, pp. 175-214, 1965.

Paris,

(o)

[12]

Maximally Flat Low-Pass Transfer Function
Synthesis Using Continuous
and Discrete Filters

L. T. BRUTON anp P. A. RAMAMOORTHY

Abstract—Discrete linear uniformly sampled digital filters are often
employed in situations where there exists some preliminary linear analog
continuous filtering operation. The latter continuous filter transfer func-
tion P (s) is usually a low-pass function that is required for such purposes
as reducing the effects of aliasing, limiting the dynamic range of the signal
prior to digitization, etc. The realization of P (s) is usually achieved quite
independently of the realization of the subsequent discrete transfer func-
tion H (z), where z=¢°7. In this contribution, it is shown that maximally
flat solutions exist for the compeosite transfer function P (s)-H (z), so that
it is possible to employ a simple baseband prefiliter P (s) which, combined
with H (z), results in an overall maximally flat low-pass response.

I. INTRODUCTION

The continuous linear transfer function P (s) and the discrete
linear transfer function Q (z) are shown in Fig. 1(a) where the
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Fig. 1. (a) Composite filter structure. (b) Pole patterns for typical 10th-

order composite filter.

composite transfer function G (s,z) is simply given by

G(s,2)=P(s)Q(2). m

In many practical situations, there exists some passband range

0 <w<w; over which a flat passband characteristic is desirable.
That is, the function

|G (jw,e*T)|=ko+ k(w)

where k is a real constant and k(w) is a real function of w that is
to be minimized over the passband region. The conventional
procedure is to synthesize P(s) and Q(z) separately such that
"both functions have acceptable flat pass-band regions. For ex-
ample, P (s) might be realized as a Butterworth low-pass func-
tion and Q(z) as an equiripple discrete low-pass function [1}.
The typical singularity patterns for this conventional approach
are sketched in Fig. 1(b) for a fifth-order low-pass function P (s)

in cascade with a fifth-order discrete low-pass function Q (z). Of

course, the periodicity of Q (¢/“T) ensures that the poles of Q(z)
repeat at integer frequency intervals of 2= / T along the direction
of the jw-axis. Clearly the stopband response of the composite
function G (jw,e/T) in the region of w close to nonzero integer
multiples of 27/T is primarily determined by the stopband
response of the function P (jw). For example, at wg=27/T, the
composite response is given by

|G (Jws, T )| =|P (juws)|-1Q (1)|

and clearly this function can only be very much, less than the
zero-frequency passband response

1G(0,1)|=[P(0)]-|@ (D)
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II. SYNTHESIS PROCEDURE

The synthesis procedure is restricted to functions that do not
have s-plane zeros. Thus, for an Mth-degree continuous filter

2 a;s’
( i=0
and for an Nth-degree discrete filter

2 CZ (3)

i=0

(where ap=1) )

Q (S)

From (1)-(3) it follows that we may write

where the coefficients B;, D, are real and related to g;, c,
respectively, as given below

k-1
Z+2(-1D S (= Vaayu_,=B, k=12,---,M (4.1)
i=0
N
> ct= 4.2)
i=0
N—-k .
2> cevx=D,, k=12,---,N. (43)
i=0

The maximally flat constraints are-directly analogous to those
employed in the conventional continuous Butterworth synthesis
procedure except that they are applied to the mixed continuous
discrete function in (4); that is, they are simply

|G (jw,e™T ) _o—1=0 )
‘and
d* ;
?d_k|G(jw,e""T)|2= 0, atw=0
w
for k=1,2,3,--- 2(M+N)—1). (6)
From (4)-(6)
" )
2 D;=1
i=0

i=1 i=1

BJ_Bj—sz( % Di(i)z)/2!+B,_2T“( ﬁ D,.(i)‘)/4!_

i=1

+(-1DTY ( ﬁ D,.(i)’f')/zj!=0

forj=1,2,---(M+N-1) 0 fori>M (7)

and the passband cutoff frequency w, is simply defined by the
additional constraining equation

|G (Ja, T )= 5. ®
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Equation (7) with (8) are a set of (M + N +1) nonlinear equa-
tions in M+ N+ 1 unknown coefficients. The unique solution
(for real coefficients) of this set of (M + N+1) equations is
obtainable by the Newton—Raphson algorithm {2]. Solutions for
degree M=1, 2 and N=3, 4, 5 have been determined computa-
tionally with the above algorithm using a normalized upper
cutoff frequency of 1 Hz and a sampling frequency of 20 Hz
The corresponding coefficients are given in Table 1.

A HIGHER DEGREE EXAMPLE

Consider a composite digital filtering process G (s,z) that is to
approximate the filtering characteristics of an eighth-order
Butterworth continuous function. The response of this continu-
ous Butterworth function is given as curve 4 in Fig. 2(a) and (b).
The overall composite response |G (jw,e/*T)| is assumed to have
the specifications

=50 Hz
=125 kHz

passband cutoff frequency
sampling frequency

or in terms of w; and wg

w, =27 X50rad/s
9y=27r X 1250 rad/s.

®
(10)

Now, we choose to realize P(s) as a simple second-order
RC-active filter so that

M=2 (1)
and therefore
N=6. (12)

Equations (7)—(12) lead to the following nine (2 +6+ 1) simulta-
neous equations

é D=1 (13)
i=0
6 ,
— T2( 2 D,-(i)z)/Z = 14)
i=]
BZ'_BlTi éD,(i)2 /2'+ T4 épi(i)‘]/4g= (15)
i=1 i=1
6 6
B, T? 2 D,-(l')z /2!—BIT4 2 Di(l')4}/4!
i=1 i=1
+T‘l § D,~(i)"}/6!= (16)
i=1
J 6
B, T4 ¥ D,.(i)“}/m—BlT6 > D,(i)6}/6!
i=1 i=1
i D,-(i)“}/sz=o (17)
i=1
6 6
B,T* ZD.-<i)°}/6!~BlT* 3 Di(if]/sz
i=1 il
as)

+ TW[ i D,.(i)‘°]/10!=0

i=1
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TABLE I

[ c [ c

B & 2 o 1 ] 3

2 3 1] 1.62 |1.0016 -.22765x10° | .73897x10%| -.80883x107| .20351x20

1.0016| L13828x10* | -.5998x20%| .o7989x10%| -.72475x10%( .19647x10%

rawe2{1.0014 | .13280x10% | -.s83a0t| Loer62x10%| -.70710%] L19872410%

1.805{1.0024 -.84996x10" L4595x10%|  -.9967x10%| . 10884x10% -.59194x10% | 120710

6
> o, ()

i=1

B,T? /81— B, T

i=1

é Di(i)“’]v/ 1ot

+ T'z[ é D,.(i)”]/lz!=o (19)

i=1

BZT'Ol i D,.(i)"’J/loz—BlT12

i=1

é D,-(i)"}/ 12!

i=1

+ T

26‘, D,.(i)“] /141=0 (20)

i=1

=2

Wy

6
(1+Blw2+Bzw4)( > D; cos wiT) (¢2))

i=0

in the unknowns B;, D,. Solutions for these B;, D; coefficients, as
obtained by the Newton—-Raphson algorithm are given in the
first row of Table 1I. The corresponding values of the poly-
nomial coefficients a;,c; are obtained from B, D; by using (4.1)-
(4.3). The resultant values of a,, b, are the solution to the synthe-
sis problem since, via (1)~(3), the transfer function G(s,2) is
determined. The g, b; coefficients are given in Table II and a
final realization is therefore given by

P(s)=1/(1+a\s+as?) '(22)

and

(2)=1/(co+ €12+ €222+ 323+ c42*+ c52° + c2%).  (23)
1 5

The resultant magnitude function |G(jw,e*T)| is |P(jw)|*
|Q (¢/°T)) and is sketched as curve B in Fig. 2(a) and (b). Note
that the linear graph, Fig. 2(a) does not reveal any significant
difference between the conventional 8th-order Butterworth con-
tinuous response and the composite response |G (jw, ¢/“T)|. How-
ever on the logarithmic scale of Fig. 2(b) it is clear that in the
region of w= wg the expected suppressed image is observed. This '
image is, in this case, greater than 50 dB below the passband
value |G (0,1)] and for many applications may be neglected. Of
course, increasing wg will allow these images to be further
suppressed.

The poles of P(s) and @ (eT) may be calculated from (23)
and (24) from which the Q of the pole-pair of P(s) is found to
be given by Q=0.5907. Therefore a simple single-amplifier RC-
active filter circuit is sufficient for the circuit realization [3]. It is
observed from Fig. 2(a) and (b) that the function |G (jw,e/*T)|
very closely approximates the passband and transition band
responses of the 8th-order Butterworth continuous low-pass
function and in the region of wg exhibits a stopband response
that is determined by the rolloff characteristic of the second-
order analog filter function |P(jw)|. The relationship between
ws,w; dnd the magnitude Ag of the image at wg is given in Fig.
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TABLE 11
B B, Dy By D, Dy D, Dy Dg
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Fig. 2. (a) Passband response of 8th-order analog Butterworth filter and
composite filter.

I |
2 4 68

3, where this result is obtained by simply repeating the entire
synthesis procedure for various ratios wg/w, . \

The application of this type of synthesis procedure could be in
the implementation of low-pass filters in pulse-code modulation
(PCM) systems where a 3-kHz cutoff frequency and a 24-kHz
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sampling frequency would yield a satisfactory rejection char-
acteristics for M =2 and N =6. Furthermore, in applications that
demand very accurate matching between parallel channels
(cross-correlation measurements, for example) it is clear that the
sixth-order (N =6) digital channels would be perfectly matched
so that the only significant mismatch between channels would be
attributable to a low-order (M =2) analog filter channel. This
compares with the much greater difficulty that is involved in
matching parallel high-order (M = 8) analog fiiters as is required
to obtain the same selectivity by direct analog implementation.

III. CONCLUSIONS

A method for the design of low-pass filters with the maximally
flat passband criterion using a simple analog filter section in
cascade with a higher order digital filter is presented. The
method offers the advantage that, in applications involving high
sampling rates (w,/w;>1), it is possible to replace a high-order
analog prefilter by a much simpler first- or second-order analog
filter. The synthesis procedure is shown to be similar to that of
the fully analog Butterworth synthesis and the solution of the
synthesis equations is obtained numerically using the Newton—
Raphson algorithm.
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