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where Hm is the symmetric tensor product of H with itself m 
times [8], and Ho is just the real numbers. E(H) may be 
regarded as a space of analytic nonlinear functionals on H by 
associating with \k E E (H) the functional 

where’ 

*[+I = (exp+, \k) 

exp+= 2 (m!)-“2+m 
m=O 

(6) 

(7) 

and 9”’ is. the tensor product of + with itself m times. The 
component of \k lying in H” (denoted by \k(“)) is just (m!)‘/Z 
times the mth degree Volterra kernel of (6). 

Taking now H’= E(H), a nonlinear analytic map from H’ to 
H’ may similarly be regarded as an element A of H’@ E (H ‘) via 
(@, A[*]) = (@@(exp 9),A) for all @ and 9 in H’. Our network 
kernels (2) and (3) are then (i!)‘/*(m!j,!. . .j,,,!)-‘/2[j,,e + . ,j,,,] 
times the component A(ijl*...jm)of A lying in the 

H’@(H’Iu Hjzu . . * u Hjm) 

subspace of H’C3 E (H’), where [j,, . . . ,j,,,] indicates the number 
of distinct ordering of the set { j,,...,j,,,}, and u indicates the 
symmetric tensor product in E (H ‘). 

In practice, a Hilbert space is “too small” to include such 
useful possible Volterra kernels as those describing the case 
when N is Z. We need to replace the square-integrable kernels 
just described by generalized functions (distributions). This is 
possible if we replace H by a rigged Hilbert space [9] Kc H c 
K*, where K is a nuclear space and K* is the dual space of 
generalized functions. It is straightforward to construct tensor 
products of rigged Hilbert spaces, and Dwyer [IO], [ 1 I] has 
shown how the Fock space of a rigged Hilbert space (also a 
rigged Hilbert space) may be constructed. If we represent the 
map Z to N as an element of the space 

E(K*)@E(E(K*)) (8) 
we may choose our network kernels to be almost arbitrary 
generalized functions. Dwyer’s work generalizes the special cases 
examined by Kristensen et al. [12] which constructed E (K*) for 

distributions on the real line, which work provided a rigorization 
for taking ordinary Volterra kernels to be distributions. 

It goes without saying that by introducing suitable direct sums 
and tensor products of Hilbert or rigged Hilbert spaces, Volterra 
series for systems and networks involving arbitrary numbers of 
terminals, ports, inputs or outputs may be constructed by the 
above formalism. Also,. the “component” Z may be replaced by 
any set of identical functional elements of a nonlinear system, 

‘The factor (m!)-‘I2 replaces the expected factor (m!)-’ in the expression 
for exp+ because of our use (following references [8], [ 121) of the inner 
product ($I”,+~), = 8,,,,(+,$)” in Fock space, rather than the more natural 
inner product (~“,~m)2=n!G,,(~,~)n. The Fock spaces E(H), and E(H)* 
equipped with the ( , >i and < , )a mner products, respectively, are naturally 
isomorphic, with 0” in E(H), associated with (m!)-‘/2+m in E(H)2. Via this 
isomorphism, we have in E(H), exp +=B(~I!)-‘+~ as expected. In E(H)* 
we have exp ($+ $)= (exp cp)V(exp $4 where V is the symmetric tensor 
product, and in either E(H), or E(H)*, denoting the relevant inner product 
by < , ), we have (exp +, exp $) = exp (+,$>. These properties justify the use 
of the expression exp+ for the element given by (7) in E(H),. The use of the 
space E(H)* is generally simpler, and thus preferable, to E(H),, but we have 
used the latter since it would have been confusing to depart from the 
convention used in our references [8], [ 121. 
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each of which interacts with the system via two scalar functions 
of time, one of which is made dependent on the other in a 
time-invarient manner by the functional element. 
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Maximally Flat Low-Pass Transfer Function 
Synthesis Using Continuous 

and Discrete Filters 

L. T. BRUTON AND P. A. RAMAMOORTHY 

Absfruct-Discrete linear uniformly sampled digital filters are often 
employed in situations where there exists some preliminary linear analog 
continuous filtering operation. The latter continuous filter transfer func- 
tion P(s) is usually a low-pass function that is required for such purposes 
as reducing the effects of aliasing, limiting the dynamic range of the signal 
prior to digitization, etc. The realization of P(s) is usually achieved quite 
independently of the realization of the subsequent discrete transfer func- 
tion H(r), where I = es’. In this contribution, it is shown that maximally 
flat solutions exist for the composite transfer function P(s).H (z), so that 
it is possible to employ a simple baseband prefiliter P(S) which, combined 
with H(z), results in an overall maximally flat low-pass response. 

I. INTRODUCTION 

The continuous linear transfer function P(s) ,and the discrete 
linear transfer function Q(z) are shown in Fig. l(a) where the 
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Fig. 1. (a) Composite filter structure. (b) Pole patterns for typical lOth- 
order composite filter. 

composite transfer function G (s,z) is simply given by 

G(s,z)=P(s)+Q(z). (1) 

In many practical situations, there exists some passband range 
0< w<oL over which a flat passband characteristic is desirable. 
That is, the function 

IG(j~~,ei~=)I=k,+k(w) 

where k,-, is a real constant and k(w) is a real function of w that is 
to be minimized over the passband region. The conventional 
procedure is to synthesize P(s) and Q(z) separately such that 
both functions have acceptable flat pass-band regions. For ex- 
ample, P(s) might be realized as a Butterworth low-pass func- 
tion and Q(z) as an equiripple discrete low-pass function [ 11. 
The typical singularity patterns for this conventional approach 
are sketched in Fig. l(b) for a fifth-order low-pass function P(s) 
in cascade with a fifth-order discrete low-pass function Q(z). Of 
course, the periodicity of Q (&“r) ensures that. the poles of Q(z) 
repeat at integer frequency intervals of 2?r/ T along the direction 
of the jw-axis. Clearly the stopband response of the composite 
function G (j,, &“‘) in the region of w close to nonzero integer 
multiples of 2n/T is primarily determined by the stopband 
response of the function P (jw). For example, at os = 2a/ T, the 
composite response is given by 

IG(j~~,~“sT)I=IP(j~~)l~lQ(l)l 
and clearly this function can only be very muchiless than the 
zero-frequency passband response 

IG(O,l)l=IP(O)I.lQ<l>l 

if 

P bk) 
I I P(0) <la 

II. SYNTHESIS PROCEDURE 

The synthesis procedure is restricted to functions that do not 
have s-plane zeros. Thus, for an Mth-degree continuous filter 

(where aa= 1) 

and for an Nth-degree discrete filter 

From (l)-(3) it follows that we may write 

lG(i~,ej“T)i-‘=( I+ $lBic?)( joDi mYiT) (4) 

where the coefficients Bi, Di are real and related to a,, ci, 
respectively, as given below 

k-l 
ui+2(- l)k x (- l)iaia,k&i=Bk, k=l,2;..,M (4.1) 

i=o 

(4.2) 
i=O 

N-k 

2 x CiCi+k=Dk, k=l,2;..,N. (4.3) 
i=o 

The maximally flat constraints are.directly analogous to those 
employed in the conventional continuous Butterworth synthesis 
procedure except that they are applied to the mixed continuous 
discrete function in (4); that is, they are simply 

IG(jo,&“T)lt=o- 1=0 

and 

-f$lG(jw,ej“T)12= 0, at w=O 

(9 

for k= 1,2,3,. . . (2(M+N)- 1) . (6) 

From (4)-(6) 

SoDi= 1 

Bj- Bj-,T2 ( $lDi(i)l)Iz!+Bj-zT4( $lDi(i)4)/4!--.. 

forj=l,2;.*(M+N-1) 0 fori>M (7) 

and the passband cutoff frequency oL is simply defined by the 
additional constraining equation 

IG(jwL,d"LT)12= $. 03) 



512 IEEE TRANSACTIONS ON CIRCUlTS AND SYSTEMS, AUGUST 1916 

Equation (7) with (8) are a set of (M+ N + 1) nonlinear equa- TABLE I 
tions in M+ N + 1 unknown coefficients. The unique solution 
(for real coefficients) of this set of (M+ N+ 1) equations is ) n N a0 *I ~2 co c1 c1 c1 c1 cS 
obtainable by the Newton-Raphson algorithm [2]. Solutions for * , 
degree M= 1, 2 and N = 3, 4, 5 have been determined computa- I 
tionally with the above algorithm using a normalized upper 

, 1 “” 1’oo16 .::I::::: :‘:::::::: ~::~~:~~:~~ .:~~~::~:~~ ,1961,rlP, 1.0016 

cutoff frequency of 1 Hz and a sampling frequency of 20 Hz. ’ ’ ’ 1”16Z1’0014 .13189110‘ -.YIJ.lO’ .96162XlO~ -.7071.10’ .19s72.10’ 

The corresponding coefficients are given in Table I. I I 1 1.80s 1.0021 -.84996.10’ .4S95XlO~ -.99671105 .10884ilO’ -.59194r10’ .1297.1Q5 

A HIGHER DEGREE EXA+~PLE 

Consider a composite digital filtering process G(s,z) that is to 
approximate the filtering characteristics of an eighth-order 
Butterworth continuous function. The response of this continu- 
ous Butterworth function is given as curve A in Fig. 2(a) and (b). 
The overall composite response 1 G (jw, &“‘)I is assumed to have 
the specifications 

passband cutoff frequency = 50 Hz 
sampling frequency = 1.25 kHz 

or in terms of oL and ws 

o, = 2n X 50 rad/s (9) 
yP=2r x 1250 rad/s. (10) 

Now, we choose to realize P(s) as a simple second-order 
K-active filter so that 

M=2 (11) 

and therefore 

N=6. (12) 

Equations (7)-(12) lead to the following nine (2 +6 + 1) simulta- 
neous equations 

i$oDi= 1 (13) 

(14 

B,-B,Ti 
[i-l ’ ] ’ [i=* ” ] 

5 D.(i)* /21+T4 5 D.(.)” /4!=0 (15) 

+ T* 2 Di(i)* 
[ i-1 

B2T6[ ~,Di(i)6]/6!-B,T8[~~,D~(‘)s]/‘! 

/6!=0 (16) 

/8! =0 (17) 

+T’O i$lDi(i)lo /lo!=0 (18) i 1 

B2T8[ :I Di(i)‘l/8!- BIT”[ $, o,(i)“],lb! 

+ T’* 5 Di(i)‘* /12!=0 
[ I 

(19) 
i=l 

+ T14 i Di(i)” /14! =0 (20) 
[ I i=l 

(I+ Blo’+ B2a4)( ioDi cos dT)iu~u;2 (21) 

in the unknowns B,,D,. Solutions for these Bi,Di coefficients, as 
obtained by the Newton-Raphson algorithm are given in the 
first row of Table II. The corresponding values of the poly- 
nomial coefficients a,, ci are obtained from Bi, Di by using (4.1)- 
(4.3). The resultant values of ui,bi are the solution to the synthe- 
sis problem since, via (l)-(3), the transfer function G(s,z) is 
determined. The ai,& coefficients are given in Table II and a 
final realization is therefore given by 

and 

P(s)=1/(l+als+a2s2) , (22) 

Q(z)=l/(co+~,z+~2z2+~j~3+~4z4+~~z5+~~z6). (23) 

The resultant magnitude function ]G(jw, e’“r)] is IP( * 
]Q(e’Wr)l and is sketched as curve B in Fig. 2(a) and (b). Note 
that the linear graph, Fig. 2(a) does not reveal any significant 
difference between the conventional 8th-order Butterworth con- 
tinuous response and the composite response 1 G (jw, @“‘)I. HOW- 
ever on the logarithmic scale of Fig. 2(b) it is clear that in the 
region of w = o, the expected suppressed image is observed. This 
image is, in this case, greater than 50 dB below the passband 
value I G (0, l)] and for many applications may be neglected. Of 
course, increasing ws will allow these images to be further 
suppressed. 

The poles of P(s) and Q(e”) may be calculated from (23) 
and (24) from which the Q of the pole-pair of P(s) is found to 
be given by Q-0.5907. Therefore a simple single-amplifier RC- 
active fiber circuit is sufficient for the circuit realization [3]. It is 
observed from Fig. 2(a) and (b) that the function ]G(jw,e’“r)I 
very closely approximates the passband and transition band 
responses of the 8th-order Butterworth continuous low-pass 
function and in the region of o, exhibits a stopband response 
that is determined by the rolloff characteristic of the second- 
order analog filter function IP(j The relationship between 
o,,w, and the magnitude A, of the image at oS is given in Fig. 
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(a) Passband response of 8th~order analog Butterworth filter 

composite filter. 

sampling frequency would yield a satisfactory rejection char- 
acteristics for M = 2 and N = 6. Furthermore, in applications that 
demand very accurate matching between parallel channels 
(cross-correlation measurements, for example) it is clear that the 
sixth-order (N=6) digital channels would be perfectly matched 
so that the only significant mismatch between channels would be 
attributable to a low-order (M=2) analog filter channel. This 
compares with the much greater difficulty that is involved in 
matching parallel high-order (M = 8) analog filters as is required 
to obtain the same selectivity by direct analog implementation. 

III. CONCLUSIONS 

A method for the design of low-pass filters with the maximally 
flat passband criterion using a simple analog filter section in 
cascade with a higher order digital filter is presented. The 
method offers the advantage that, in applications involving high 
sampling rates (o,/~>l), it is possible to replace a high-order 
analog prefilter by a much simpler first- or second-order analog 
filter. The synthesis procedure is shown to be similar to that of 
the fully analog Butterworth synthesis and the solution of the 
synthesis equations is obtained numerically using the Newton- 
Raphson algorithm. 

and 
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