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Abstract

Synchronization between chaotic systems has recently been a topic of great interest among physicists and engineers. In
addition to theoretical results, a number of applications in communications and control have also been proposed. We have
previously shown that identical chaotic maps can, under certain conditions, be synchronized by a common noise-like input.
This raises the question whether the chaotic output from a map can synchronize other maps to itself. In this paper, we present
results on the synchronization of two identical maps where the output of one map is used to drive both maps. We then apply
this method to synchronizing identical but internally inhomogeneous populations of chaotic oscillators using a randomly
constructed scalar coupling signal, which tends to white noise as the number of oscillators increases. Such a system may have
applications in secure communicati@®1999 Elsevier Science B.V. All rights reserved.

PACS:05.45 +b; 43.72.+q; 07.05.Pj
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1. Introduction

Synchronization among chaotic systems has received considerable attention in recent years, with a large body of
results on theory [1,2] and applications [3—16]. The first major results were obtained by Pecora and Carroll [1,2],
who demonstrated that two identical chaotic systems (such as the Lorenz system) could be synchronized if one of
the phase variables in the second system — calleteponse systemwas replaced by the corresponding phase
variable from the first system — called ttidve systemThe primary requirement was that the subsystem comprised
by the unreplaced phase variables of the response system be stable in its own right. Subsequently, several researchers
presented schemes for synchronizing chaotic and hyperchaotic systems by control techniques [12,13,16-18].

Synchronization between two bidirectionally coupled discrete-time maps was first studied by Yamada and Fujisaka
[19] using the form

X1 = @(xn) + LD (yn) — P (xn)], 1)
Ynt+1 = @(yn) + [P (xn) — d(yn)], ()

* Corresponding author. Tel.: +1-513-556-4783; fax: +1-513-556-7326; e-mail: ali.minai@uc.edu

0167-2789/99/$ — see front mat@1999 Elsevier Science B.V. All rights reserved.
PIl: S0167-2789(98)00247-4



242 A.A. Minai, T. Anand/ Physica D 125 (1999) 241-259

whereg( ) is the nonlinear map. They showed thgtandy, synchronize if; is large enough. These results were
further extended in [20,21]. Bidirectionally coupled maps have also been investigated by Wang [22]. Large systems
of coupled maps — callecbupled map lattices (CMLsndglobally coupled maps (GCMs)have been studied in

detail by Kaneko and others [23-26], and a great variety of turbulent, clustering, and synchronized regimes have
been found for these. Synchronization has also been investigated in diffusively and globally connected arrays of
chaotic systems [27-30].

The issue of synchronization in unidirectionally coupled maps has recently been addressed by several researchers
[16,31-38]. In most of these cases, the coupling is implicitly or explicitly diffusive, i.e., it depends on the difference
between the states of the driving and response systems [39]. Pecora et al. [36,38] use a general method called
synchronous substitution [40] to synchronize unidirectionally coupled volume-preserving and volume-expanding
piecewise linear maps. This method is also based on (possibly nonlinear) feedback caitmézand Maas [33]
use direct partial substitution of a response variable by the corresponding drive variable, which sometimes leads to
synchronization. Zonghua and Shigang [41] use periodic driving to synchronize two conservative maps.

In recent reports [42,43], we have shown that identical chaotic maps can, in some cases, be synchronized by
a common noise-like input via a coalescence mechanism [44—-46]. In this paper, we refine our analysis and show
that the same effect can be used to synchronize unidirectionally coupled systems, with the aperiodic output of the
driving system used as the common input. The system we study can also be given a diffusive formulation, but
the synchronization mechanism does not depend on the differential term, which makes this method very flexible.
In particular, when the driving and response systems consist of many subsystems, the coupling signal may be a
random functiorof the driving system variables, making it truly noise-like. This could be an advantage in secure
communication applications [38].

2. Single system synchronization

The systems we consider use a scalar signal from the drive system as ifyadi the response and the drive
systems. Thus, both systems can be seen as autonomous maps with identical inputs. The map we use is based on a
discrete-time neural oscillator studied by Wang [22,47]:

Z41 = f(z) =tanh [uAz] — tanh [uBz], 3

whereA, B > 0, A/B > 2. If u is large enough, the map is chaotic [47]. When an external inpig,added to the
system, we get

Z+1 = f(z;) = tanh [u(Az; + u)] — tanh [uBz]. (4)

It can be shown that, if the map is chaotic foe= 0, it undergoes a period-halving cascade with increasjng
eventually leading to a period-2 regime [48]ulfs time varying, the system is intermittently chaotic and periodic.
Two identical systems driven by such an input become synchronized through rapid coalescence [42].

To study synchronization between coupled maps, we first consider the one-dimensional system

281 = tanh [u(Azf + pz)] — tanh Bz, (5)
20,1 = tanh [u(Az} + Bz — tanh Bz, (6)

where superscripts d and r indicate the drive and response systems, respectivglys amel coupling strength.
Defininge; = z? — z1, itis clear that, = 0 is an invariant manifold of the system. However, synchronization does
not occur because the conditions necessary for coalescence [42] of orbits are not satisfied. These are:

(i) The conditional Lyapunov exponents of both systems must be negative.

(i) The dynamics of the systems must include intermittent chaotic and periodic regimes.
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In the system above, the drive map can be written as
28, =tanh [u(A + B)zf% — tanh [ BzY], (7)

which is just an autonomous map with either wholly chaotic or wholly periodic dynamics. Thus, coalescence to
identical trajectories will not occur except by accident.
Systems with differential feedback, as in [34]

=@, d = el = 2D ®)
or [35]
=Y. = @)+ e — fiED] 9)

do synchronize ik is large enough. However, the extension of these methods to multiple maps is problematic,
requiring precisely tuned [16,17] and possibly high-dimensional [12,17,32] coupling. Also, note that both the above
systems have the trivial “optimal” couplirg= 1.0.

We look next at the case where the drive and response systems are two-dimensional:

¥ = £,08 2 =tanh i, (O + Bz — tanh [, Dyf),

1= £G0 58y = tanh (A28 + oyl )] — tanh . B2,

War = fyOF 2% = tanh fuy (Cy! + 2] — tanh [uy D],

2 = fo(2, i) = tanh e, (Azl + ayl, ] — tanh [, Bzl (10)

wherea andg are fixed parameters. The drive and response systems — which we will term oscillators — can each
be seen as two chain-connected maps. The coupling between the systems is only ﬂonugtbte also that,
while the corresponding maps in each oscillator are identical, the two maps within each oscillator may be different,
provided they are both chaotic. We assume all maps to be identical for clarity. Onceydgaind, z/ = z% is an
invariant manifold. Henceforth, this will be termed thgnchronization manifold (SMVe investigate its stability
numerically to conclude that it is stable in a braag8 domain, implying that synchronization is stable and generic
in this regime.

We begin analysis by rewriting the equation for theaps as

yd 1 = tanh [u, (Cyd + Bz] — tanh Dy, 7],

yiiq = tanh fuy (Cy! + B2} + B¢ — 20)] — tanh [Dyy )], (11)

showing that they maps become decoupled when th@aps synchronize. Substituting this into the mapzfgg,
we see that the same is true of thmaps. In this, our system is like all other diffusively coupled systems. The key
difference, however, is thaty andy, can synchronizeven when® andz" are not synchronizedince both are
driven by the same signalf. The mechanism for this synchronization is not differential feedback but, as we have
discussed elsewhere [42,43], the repeated coalescence and phase-mixing produced by jumps between periodic and
chaotic dynamics in response to the input each oscillator receives. jithaisd y" synchronize first in response to
the common inpuﬁz?, and then synchronizé' andz', also through the repeated coalescence mechanism. Once
the z's are synchronized, the drive and response systems become decoupled and follow synchronized aperiodic
trajectories.

To investigate the stability of the synchronization, we define the error phase variables:

y d r z d r
€ =Yy — Vs € =23y — % (12)

whose dynamics along a particu(af, z?) trajectory is given by
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Fig. 1. The signs of the empirically determined conditional Lyapunov exponents (CLEs) for the two-dimensional system plottegdn the
space. White indicates that CLEs for bethande® are negative. The parameters are= 1, = 5.0, A = C = 5.0, B = D = 1.0. Each data
point was averaged over 10 independent runs, each 50 000 steps long, with the last 40 000 steps used for calculating the CLEs.

e, = Fy(e] . ¢f) = tanh [u, (Cy? + B8] — tanh [uy Dy
—tanh [u, (CGY — &) + Bz)] + tanh [u, DY — €))]. (13)

&,y = Fa(e]. &) = tanh [ (Al + afy (5 2]
—tanh [u; Bz — tanh [u- (A — &) + afy (5§ — € 2] + tanh [ Bz{! — ¢)]. (14)

The Jacobian along this trajectory is given by

OF,/de¥ OF,/0¢°
[an/ae)’ 3F./de* (15)

SincedF,/de* = 0, the eigenvalues of the array are simply the diagonal elements, which allows the numerical
calculation of the two transverse conditional Lyapunov exponents (CLES) fgethe) system:

+T-1
Ay = TIi_r)nOOT_l ; In|aFy/de”|,
+7T-1
A, =T|i£100T—1 > InjaF. /o€, (16)

=t
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Fig. 2. The actual, empirically determined domains of synchronization foytwamscillators with parameters set as in Fig. 1. Each data point
is based on 20 independent runs of 5000 steps each. White indicates that synchronization occurred within 5000 steps with probability 1.0 (a);
> 0.8 (b);> 0.5 (c) and> 0 (d).

where the derivatives are evaluatedat ¢*) = (0, 0). Fig. 1 shows the sign of the maximal CLE over a part of
thea—pB space for a set of oscillators. Clearly, there is a large region where both Lyapunov exponents are negative,
and synchronization would be stable.

3. Coalescence and global stability

Stability analysis based on transverse CLEs has two important caveats. First, it only indicates the local stability
of synchronization but not whether synchronization would emerge when the system starts from arbitrary initial
conditions. Second, since the CLEs are averaged quantities, negative CLEs only imply movement towards synchro-
nization over time. Itis quite possible for a trajectory perturbed off the SM to move away from it for a time. In other
words, negative CLEs do not preclude finite-time episodes of trajectory separation — only long-term coalescence.
Such finite-time desynchronizations are an example of “bubbling” [35,39], and reflect the fact that the neighborhood
of the SM contains a set which repels orbits away from the SM [20,49,50].

Finding analytical conditions for global stability is, in general, quite difficult, and most work on synchronization
has focused on numerical evaluation of local stability (except in a few tractable cases [20,35,49]). Following this
practice, we test for synchronization through simulations for the parameter values used in the CLE analysis (above).
The results, averaged over 20 initial conditions for each setting afid 8, are shown in Fig. 2. It shows that
synchronization actually does emerge almost everywhere in the region with negative CLEs. Also, as shown in
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Fig. 3. Averaged synchronization times for thandz maps in the system from Fig. 2. In graph (a), the average is over all valygshat
produced synchronization with probability 1.0 (over 20 runs). In graph (b), the average is over all\wickes. Note that the maps always

synchronize first, showing thaf — z; need not be 0 fop-map synchronization.

(8) @=0.0,p=08 () @ =0.8,p=0.8

Fig. 4. Phase-space behavior of the autonomous drive oscillatogayita i, = 5.0, A = C = 5.0, andB = D = 1.0. Thez — y coupling,
B, is 0.8 in both cases. The— z coupling is 0 for (a) and 0.8 for (b). Thus, thenap for the system shown in (a) is autonomous,zfmhd
z; would not synchronize in this case. Both cases lead to synchronizatMy{. 10° points are plotted in each graph.

Fig. 3, the mean synchronization times are quite short (a few hundred steps), and synchronization is driven by
coalescence in themaps. Of course, the fact that synchronization occurs does not imply that phenomena such as
bubbling are excluded. Indeed, the addition of an independent noise in the system does produce intermittent bursts
of desynchronization, but the fact that these bursts have finite duration suggests that the SM is the only attractor in
the negative CLE regime.

To further explore these issues, we focus on the synchronizati;zﬂwﬁdy{, and consider the subsystem given

by

ya 1= /0% 2 = tanh [u, (Cyd + Bz%)] — tanh [uy DyY],

2y = fuz0, ¥ ) = tanh [ (A2 + ey )] — tanh u Bz,
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(a) o:' time series on the synchronization manifold
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Fig. 5. Graph (a) shows the time series ob}nfor the system from Fig. 4(b). The CLR,,, is obtained as the mean of the plotted quantity as
t — o0, and is negative for this system { = —0.45). However, short-time averages of(4') can exceed 0. Graph (b) plots (%) againsty
along the synchronization manifold{ = y" = y) for three values of. Parameters are as for Graph (a).

ezy+1 = Fy(e; . y;js Z?)
= tanh [u, (Cy? + Bz9)] — tanh [u, Dy]
—tanh 1, (COY — €)) + BzD] + tanh u, DI — &)]. (17)

Note thatz} plays no role in the synchronization of thevariables, and can be ignored here. Oljwﬁeand v
synchronize, the same system as above can be used to analyze synchronization zb’eamdeh now driven by
the commory-signal. For concreteness, we tgkg = 1, = 5.0, A = C = 5.0, B = D = 1.0, though the results
are qualitatively the same if the parameters are set such that the maps are chaotic=wiges 0. Sincey? and

4 are independent off, the dynamics in théy?, z9)-plane is independent ef . Fig. 4 shows the invariant sets to
which the(y9, z9) dynamics converges far = 0.0, 8 = 0.8, ande = g = 0.8. The only fixed point of the error
map, Fy(e”, yd, z9), or its iterates that is sufficiently invariant 1 andz® is ¢¥ = 0. Also, the boundedness of
the tanh ) function means that the dynamics is confined to a bounded regjaf,the (¢”, y9, z9) space. Thus,
when the dynamics ifyY, z9)-space is aperiodie; converges to 0 (synchronization) or to an aperiodic trajectory,
depending on the CLR . Defining

ol (e}, y8, 29 = 9Fy (e}, y9, 2 /de” |, (18)
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Fig. 6. Synchronization times for trajectories starting at different points infthe{)-plane. Parameter values are as for Fig. 4(a). All trajectories
synchronized to a precision of 18 within 330 steps. Different gray levels indicate domains with different synchronization times, but there is
no correspondence between intensity and time. A fractal strucutre is apparent (see Fig. 8). Resolution along each axis was 0.001.

the CLE is given by
T-1

1
Ay = (In (0 (0, . 2H)) OIS (19)
t=0

= lim
T—o00

However, as pointed out by Ott and Sommerer [51], a globally negative CLE does not preclude finite-time divergence.

To demonstrate this, we plot in Fig. 5(a) the time series @b for part of the trajectory shown in Fig. 4(b) (steps

400-600, when synchronization has already occurred). As the time series shows, coalescence dominates divergence

on average, which is why synchronization emerges this case. However, it is also cléan thd)) < 0 does not

preclude finite intervals of times wheij is above 1. The reason is illustrated by Fig. 5(b), which piétagainst

y along the SM for different values. ASyf' andzfj change, they sample both the positive and negative parts of the

In (6?) surface in(y4, z9)-space. Thus, the SM is stable oy averageand small amounts of noise can cause

occasional brief excursions away from it. This is an instance of “bubbling” as described above. Also, trajectories

that approach the SM typically undergo transient divergent episodes on their way to convergence [44,45]. This is

discussed in more detail below. Incidentally, as Fig. 5(b) shows;%halue at whichs? finally crosses 0 is almost

invariant tozd if uyC is large enough, and can be calculated explicitly as

1+J1Tq]

G (20)

Yerit & gIn [
where

q=1/pnyD.
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Fig. 7. The same data as in Fig. 6, but thresholded to show regions with synchronization times in four different intervals. White areas represent
initial conditions that synchronized within the corresponding time window.

To see this, recall that, fe? = 0, dF,/9e” = af,/dy. For large enough,C, f,(y) ~ 1 — tanh(u,Dy) if y is not
too close to 0. The approximation feg; follows.

A qualitative understanding of the emergence and persistence of synchronization can be obtained by following
the behavior of all trajectories in some part(ef, y')-space. We look at the evolution of initial conditions in the
region(0 < yd < 0.3,0 <y, < 0.3) for z3 = 0.1 anduy = 1, = 5.0,A = C = 5.0, B = D = 1.0, and follow
the time required to reach synchronization. Figs. 6 and 7 show the results toeth0, 8 = 0.8 case. All initial
conditions tried in this case (resolution ab01 along each axis) converged within 330 steps, and more than half
in 100 steps or less. This provides an indication of how long desynchronization episodes might last. Fig. 8 shows a
magnification of the0 < yg <010< y{) < 0) region in Fig. 6 at a resolution of 0.00025. The fractal nature of
the synchronization domains is clearly apparent from a comparison of the figures. Fig. 9 shows the synchronization
time results fore = g = 0.8. Here, the dynamics aff is much more correlated with® (See Fig. 4(b)), and
this asymmetry produces a very different distribution of synchronization times. However, once again, all points do
synchronize within 250 steps.

One issue that arises in all numerical studies of chaotic synchronization is that of numerical precision [52,53].
Typically, true synchronization between sub-systems occurs only in the limit of infinite time. However, once the
trajectories of the two sub-systems come closer than the precision of the computer representation, they effectively
become synchronized for all future times. As discussed by Longa et al. [52], synchronization schemes can be
classified into two distinct types: (1) those where the time to synchronization depends linearly on precision; and
(2) those where the dependence is exponential. In the latter case [54], synchronization is basically a purely passive
epiphenomenon of finite precision: One waits until the trajectories happen to come close enough and become
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Fig. 8. A magnification of the [G< yg <0.1,0 < yj < 0.1] region from Fig. 6. The resolution is 0.00025, and much more structure is visible,
indicating the fractal nature of synchronization time domains.

numerically identical. In the former case [1], the trajectories are actually forced together by the dynamics, though in
finite time, they only converge to finite precision, and desynchronize occasionally due to bubbling or basin riddling
[20,50,51]. For both dissipatively coupled and coalescent systems, the absolute synchronizatioreerois
expected to have a power law distribution [20,45,46], indicating that large deviations from the SM are possible but
rare.

We investigate these issues for our system by checkingndan time to first passagg(e), defined as the average
number of steps it takes for two trajectories — starting from random initial condi('yzﬁnsg, ¥o: 20) € (O, 14 -
to approach withire of each other. Thus, if synchronization were defined only to resoldtiaiie) would be the
approximate synchronization time (we say “approximate” because, in order to get data for various vahles@f
the same trajectories, we perform all simulations with a fixed precision of1@nd the synchronization times
obtained with actual limited precision simulations might be shorter than the ones we report). We also look at what
happens after the first approach by tracking the subsequent distance between the trajectories. The maximum distance,
averaged over randomiinitial conditions, is denote®hyx(¢), and shows how well coalescence confines trajectories
once they have come sufficiently close. Since all simulations are done with a numerical precisiotPoligy(€)
is effectively calculated over the periade) to,(10~16). Once the trajectories come within= 10-16, they become
numerically indistinguishable. The results for he= 0.0, 8 = 0.8 ande = g = 0.8 cases are shown in Figs. 10
and 11, respectively. In both cases, we obtain a dependence of the,ferrfog(1/¢), indicating exponentially
convergent trajectories, as would be expected with negative CLEs. These results demonstrate that synchronization
to any desiredinite precision occurs very rapidly and remains stable in the absence of added noise. The linear
dependence of on log(1/¢) indicates true rather than numerical convergence, but finite precision is necessary
to prevent bubbling in the long term. This means that coalescence-based synchronization will only be stable on
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(8) T, <=20 (b)20 < T_<=50

Fig. 9. The analog of Fig. 7 for the = B = 0.8 case. Synchronization time domains are now asymmetric be;e%uamdz? are mutually
coupled whiley} has no coupling with;’.

average (i.e., with rare intermittent desynchronizations) for analog physical systems, but will be absolutely stable
in applications such as communications and data encryption, which use digital components with limited precision.

To explore the long-term behavior of the system without the limitation imposed by finite precision, we adopt the
technique suggested by Yu et al. [44,45], and add a small amount of band-limited independent noisg/tarmbth
z;. We use uniform noise distributed between, n = 10~ with k = 14, 13, 12, 11, and 10. This prevents perfect
numerical synchronization from taking hold, and unmasks the “true” behavior of the system — albeit with added
effects due to noise. Fig. 12 shows the distributionsegf| and| ¢ | obtained for each noise value, and a power law
relationship clearly obtains over a significant region. The power law breaks down as the effects of the additive noise
become dominant [20,46]. Practically, these results also indicate that additive noise can produce bubbling even with
finite precision, with laminar periods whose length depends on the noise power. However, in many cases, this can
be mitigated through the use of simple filtering of coupling signals [55]. The discussion of all these phenomena and
issues is left to another report.

The analysis and results presented in this section have shown that coalescence-based synchronization is an
interesting phenomenon, with potential utility in certain situations. However, synchronization methods based on
differential feedback are more stable, and one may ask if coalescence-based methods possess any advantage. The
answer lies in the fact that coalescence in response to aperiodic driving is very robust to the actual driving signal.
Feedback-based methods require a very precise coupling signal to be sent to the response system, and obtaining this
signal can be difficult — especially as the dimensionality of the systems becomes large. The coupling signal that is
communicated (to both drive and response systems) for coalescence need only satisfy some very broad statistical
constraints [42,43]. Indeed, it need not even come from within the system, and could be external “noise” [55].
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Fig. 10. First passage time and subsequent maximum deviation as a function of synchronization t@lémwﬁandy;. The system parameters
are as in Fig. 4(a), with = 0.0 andg = 0.8. The simulations were all done at a precision ofl Note the linear dependencerpbn —log; o(e).
Each point was averaged over 500 random initial conditions.

As shown in Section 4, this lack of need for precise tuning allows us to use the same coupling signal — generated
randomly within the system —to synchronize large populations of diverse oscillators. The price paid for this freedom
from tuning is that the synchronization is less robust than in the feedback case, since the force maintaining it —
coalescence on average — is weaker than explicit feedback control.

4. Multiple system synchronization

One of the most interesting applications for the method described above is that it can be used to synchronize
corresponding pairs in two mutually identical but internally inhomogeneous populations of oscillators using a
random scalar signal from the driving population to the response population. Such synchronization has potential
applications in spread-spectrum communications [55,56].

Consider two identical populations of oscillato@d = {(y*, z%)} andG" = {(}*, 2%)}, wherek =1, ... | N
indexes the individual oscillator pairs. The system is shown in Fig. 13. The oscillators within each population may
all be different, making it an inhomogeneous population. However, corresponding oscillators across the populations
are identical. We assume that parameters are set such that all oscillators are intrinsically chaotic. The synchronizing
signal is chosen to be

d
. (21)

)

d d
si =8z ...,z ) =12
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Fig. 11. First passage time and subsequent maximum deviation as a function of synchronization tQieitam;z?s,— Vi (x) andz;j —Zi ().
The system parameters are as in Fig. 4(b), wite g = 0.8. The simulations were all done at a precision of %0 While thez-maps take
longer to synchronize, the dependence ah resolution is linear for both cases. Each point was averaged over 500 random initial conditions.
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Fig. 12. Distribution of ¢; | and| ¢¢ | with additive uniform noise~ £. In all cases, system parameters are as in Fig. 4(b). The noise widths
are: logg(n) = —14 (o), —13 (), —12 (0), —11 (A), and—10 (v). Each distribution is calculated using 99 500 points.
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Fig. 13. System for synchronizing multiple oscillators. Each square represents a 2-magxillator. Identically numbered oscillators in the

drive and response systems are identical, but the oscillators within each system may be different, provided that they are all intrinsically chaotic.
The output signal for each oscillator is the response aof-itsap. The random selector is a switch that, at each step, connects the output of a
randomly chosen drive oscillator with the channel, producing the random sijgnal

whereg, € {1, ..., N} is chosen randomly at each step with a uniform distribution. This signal is provided as input
to they component of each oscillator. Note that, unlike the oscillator arrays in (B6indG" are not coupled map
lattices, but are closer to a globally coupled map network with sparse random time-varying connectivity. Also, in
contrast to [56], the arrays are connected only by a scalar channel.

The equations for theth oscillator pair can be written as:

yz+l = tanh [uy, (Cky, + ﬁzl‘”)] — tanh [uykay, 1,

d d
zp 4 = tanh fuz, (Arz + ay,+1)] tanh [z, Bez,"],

r t 't T t
w1k = tanh [y, (Coylf + B2 + B — 2] — tanh [y, Doy,

d
;+1—tanh [u% (Akzt + a(tanh [uyk (Cky ‘I'lgzrq["—ﬂ(tht _Z;qt))]_ tanh [V“\k Dkytk])]_ tanh [Mzk thk]
(22)

The differential coupling termﬂ(z?’” — z;'”) is now a random function of the states of all oscillators, but still
serves to decouple the drive and response systems when the corresponding oscillator pairs are synchronized. The
synchronization itself, however, does not depend on this differential term or where it came from. The only important

point is this: the distribution Ozf?q’ must ensure that the transverse CLEsefor= yf" — y;* are negative for alt.

This will synchronize the-maps, and, i& is chosen within the proper range, thenaps will follow. The restriction

on the coupling signal is very weak, since almost any distribution with broad support@wdliae in the correct

range will produce negative CLEs [42,43]. The fact that each oscillator pair is different is also of no consequence
provided they all fall within a broad parameter range.

The scalar signal; = z?‘” , which is communicated from the drive to the response system is random by construc-
tion. If the number)V, of oscillator pairs is large enougf tends towards white noise. Fig. 14 shows the return map
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Fig. 14. Graph (a) (top) shows the 1-step return mapfan a 10-oscillator system. Graph (b) (bottom) shows the normalized autocorrela-
tion function for the centered signa] — (s;). The (u./A/B, n,/C/D) values for the oscillators were: (5.0/5.0/1.0,5.0/5.0/1.0);

2 (4.0/8.0/1.0,6.0/6.0/1.0); 3 (7.0/5.0/1.0,5.0/7.0/1.0); 4 (10.0/4.0/1.0,5.0/5.0/1.0); 5 (5.0/9.0/1.0,5.0/4.0/1.0);

6 (5.0/6.0/1.0,7.0/5.0/1.0); 7 (5.0/4.0/1.0,5.0/8.0/1.0); 8 (45/6.5/1.0,6.5/4.5/1.0); 9 (7.5/6.5/1.0,4.5/4.5/1.0); 10
(6.5/4.5/1.0, 4.5/6.5/1.0); note the space-filling structure of the signal, and the white noise-like autocorrelation.

and autocorrelation function for the coupling signal in a system of 10 oscillators. Very little structure is visible in
this signal, and its autocorrelation is close to that of white noise. Nevertheless, as shown in Fig. 15, all 10 oscillators
in the response population are synchronized with their driving counterparts. As pointed out in [36], such a coupling
signal is potentially much better for secure communications than a simple chaotic signal which may be amenable
to delay-coordinate and spectral reconstruction [57-59]. Possible communications applications for this system will
be discussed elsewhere.

5. Synchronizing high-dimensional maps

All systems discussed above have been based on the two-dimensional map given by Eq. (10). However, the
methods we describe are applicable to maps of any dimensionality constructed by chaining together several one-
dimensional maps of typg+1 = f(z;). In this section, we briefly illustrate such synchronization. Fig. 16 shows
the drive and response systems, where corresponding maps have identical parameters. The drive system consists of
M different maps with randomly chosen parameters. The dynamics of the system are given by

Zt+1 = fl(Zt ) ZtM) = tanh [Ufl(Ath + athM)] — tanh [ulBlZz 1, (23)

d; d; d; )
Z4q = fj(zlf,le) = tanh [u,(A,z, +a]zt+1 Y] — tanh [w;Bjz'], j=2,3,4,... , M. (24)
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Fig. 15. Mean difference between thenaps (Graph (a)) andmaps (Graph (b)) of all oscillators in the system from Fig. 14. Full synchronization,
achieved around step 500, remains stable thereafter.

o e

Drive System Response System

Fig. 16. Synchronizable system with high-dimensional maps. Each circle in the figure corresponds to a map of the type given by Eq. (5). Maps
with identical numbers have identical parameters. The system corresponds to Egs. (23)—(26).
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Fig. 17. Time series of mean error between corresponding elements in two 40-element systems. Parameters for the maps are selected randomly
(see text).

Parameters for all maps are chosen randomly in the ranQes 4; < 10.0,7.0 < A; < 10.0,1.0 < B; < 15,
and 025 < «; < 0.75, so all maps in the system are different. The response system is identical in structure and
parameter values, and has dynamics given by

2ty = Azt ™) = tanh [ua(Arz)! + e1z™)] — tanh a1 Biz}, (25)
2y = fie o) = tanhuj(Ajz] +ajz ;D] — tanhu;Bjz/].  j=2,3.4,... M. (26)

Thus, the only coupling from the drive to response system is providexf%.yThe system given by Eq. (10)

corresponds to th&/ = 2 case. Fig. 17 shows the time series of the extaty ), = M~1Y"; | th,- —z7 |, fora

M = 40 system. As in tha/ = 2 case, synchronization emerges rapidly through coalescence. The Jacobian for the
error dynamics is lower triangular because of the serial structure of the drive and response systems, and the analysis
fortheM = 2 system applies directly for amy. Also, just as it was possible to synchronize array®of 2 systems

through a random scalar coupling, arrays of non-identi¢al 2 systems can also be synchronized in the same

way. The population&® andG" in this case would consist &f M-dimensional maps. Many other synchronizable
configurations are also possible, including series cascades, trees, and other non-recurrent arrangéfmeats of
systems.

6. Conclusion

In conclusion, we have demonstrated an extremely simple scheme for synchronizing unidirectionally coupled
chaotic maps, and shown how it can be used to synchronize groups of different oscillators through a scalar coupling
signal constructed randomly from the oscillator states. The coupling signal can carry a large number of multiplexed
messages but has characteristics approximating white noise. Such a system could be very useful in applications such
as secure communications. We have also described how our methods can be applied to high-dimensional maps.
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